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A LONGITUDINAL STUDY OF CHILDREN’S FRACTION 
REPRESENTATIONS AND PROBLEM-SOLVING BEHAVIOR 1 



Gerald A. Goldin and Claire B. Passantino 
Center for Mathematics, Science, and Computer Education 
Rutgers University, Piscataway, New Jersey 08855-1179 USA 

As part of a longitudinal study of children's mathematical development 
we analyzed videotapes of 20 elementary-school children solving 
problems in two carefully-structured task-based interviews 
administered one and one -half years apart. Here we describe and 
discuss three individual students' behaviors, with attention to the 
external representations and models they employed or constructed in 
attempting non-standard problems in the domain of fractions . From 
our observations we seek to draw preliminary inferences about the 
development of these children 's understandings of fractions. 

As mathematics education research focuses more on children’s processes of 
constructing meaning, researchers have sought to describe in greater detail how 
particular mathematical concepts develop. Task-based interviews are being used 
increasingly to explore students’ developing mathematical understandings (Davis, 
1984). The observed problem-solving behaviors of children permit conjectures or 
theories about the internal representations and conceptual understandings giving rise 
to those behaviors (Lesh, Post & Behr, 1987; Goldin, 1987, 1988, 1992). 

The research reported here is part of a descriptive longitudinal study conducted at 
Rutgers University on the development of mathematical understandings in children 
in grades 3-6 (Goldin et al. , 1993). Five highly structured task-based interview 
scripts were created to investigate how children’s internal systems of mathematical 
representation develop over time, and the role of such representations in their 
changing conceptual knowledge and problem-solving capabilities Two interviews in 
the sequence, #2 and #5, were designed to focus on fraction representations. We 
shall describe some behaviors of three individual children. We make use of the 
external representations and models they employ or construct as they attempt to 
solve non-standard problems in the domain of fractions to draw preliminary 
inferences about their developing understandings of fractions. 



1 The research reported in this paper was partially supported by a grant from the 
U.S. National Science Foundation (NSF), “A Three-Year Longitudinal Study of 
Children’s Development of Mathematical Knowledge,” directed by Robert B. 
Davis and Carolyn A. Maher. The opinions and conclusions expressed are those 
of the authors, and do not necessarily reflect the views of the NSF. 
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Research questions 



The overall research questions we investigate fall into the following four areas: (1) 
External representations and models : What particular fraction representations or 
models are in evidence? Which of these seem to endure over time? Does the 
individual child evidence use of a set model, a linear model, some sort of region or 
area model, a division model, or a model of a different sort? What external modes 
of representation — words, notational symbols, pictures, enactive behavior, gestures, 
recall of daily life experiences, etc. — predominate, and how do these change over 
time? (2) Strategies and problem-solving heuristics : In solving problems about 
fractions, what problem-solving strategies, heuristics, or metacognitive activity can 
we infer or conjecture? How do the children’s internal, strategic representations 
facilitate or impede (a) problem solution and (b) conceptual understanding of 
fractions? (3) Making connections : How stable are the students’ constructs? To what 
extent or under what circumstances do children change or abandon representations 
or models, or make new connections among representations or models? What 
evidence can we find of students making translations or transformations among 
fraction representations, of semiotic acts assigning meanings in one representation 
to configurations in another? In particular, do their models or representations 
change or interact in ways that suggest “reconceptualization cycles” or “local 
conceptual development” (Lesh, Hole, & Post, to be published) during the problem- 
solving episodes? (4) Learning and teaching : What are the links between “model- 
eliciting activities” (Lesh & Kaput, 1988) and the processes of instruction and 
assessment? What can be learned or conjectured from exploratory observations of 
children's problem solving in the domain of fractions about how to foster overall 
development of mathematical competency, and deeper understandings of fractions? 

Design and administration of the interviews 

Scripts for task-based clinical interviews were designed and developed by a team 
including the authors and other graduate students working toward advanced degrees 
at Rutgers University, under the leadership of the first author. All members of the 
team had professional teaching experience in mathematics or elementary education. 

Each script follows explicit principles in its construction (Goldin, 1993). The child 
is asked a series of questions of increasing mathematical difficulty, so that the final 
task is one that can be attempted by all the children, but is challenging even to the 
most skillful. During the interview, the child engages in free problem-solving with 
minimal input from the clinician (except for prompts such as, “Can you tell me 





3-4 



more about that?” asking for explanations of what the child is doing or descriptions 
of what the child is thinking). All student efforts are “accepted” without 
preconceived notions about appropriate solution strategies, and (with a few, 
specified exceptions) without distinguishing between “wrong” or “right” answers. 
The clinician typically asks follow-up questions to responses without indicating their 
correctness. When an impasse is reached, the clinician offers structured heuristic 
suggestions, in accordance with each script, and again allows for free, uninterrupted 
problem solving by the child. The suggestions continue until the child solves the 
problem, or (after an interval of time) the clinician moves on to another section of 
the interview. Each interview is designed to take approximately 45 minutes (one 
class period) to administer. Materials are available for student use, depending on the 
problems posed in the interview: paper and pencil, markers, chips or other 
manipulatives, paper cut-outs, string, rulers, calculators, etc. The abundance of 
flexibly-applicable materials allows the researcher to observe external 
representations made or used by the students, and to explore connections among 
representations (Lesh, Post, & Behr, 1987). Each interview includes retrospective 
questions and questions to explore the child’s affect during problem solving. 

Each script was revised several times by the development team. Revisions were 
guided by mock interviews with each other, followed by interviews with individual 
children of the developers’ personal acquaintance, and finally a videotaped, pilot 
clinical study with children in a nearby urban elementary school. The pilot sessions 
permitted critical evaluation of the draft scripts, and training for clinicians through 
mutual critiques of interviewing techniques. 

Of 22 children in the longitudinal study, 20 participated in both of the interviews 
that focused on fraction concepts, #2 and #5. Two videotapes were made at each of 
these interviews. One camera focused on the interaction between the child and the 
clinician, showing their faces; the second camera focused on the student’s work. 
Interview #2 was conducted in January and February 1993, when the children were 
in the middle of fourth or fifth grade (ages 9-11 years); interview #5 in the spring 
of 1994, when the same children were at the end of fifth or sixth grade. The 
students came from a cross-section of New Jersey communities: from one school in 
a predominantly blue-collar, “working class” community, one school in a suburban, 
upper middle-class district, and two urban schools. Though the group included girls 
and boys of differing backgrounds, ethnicity, and ability levels, it was not drawn as 
a stratified random sample. The study should be regarded as a set of exploratory or 
investigative case studies, not as an experiment yielding valid generalizations for a 
wider population. 

O 



We next describe briefly just those portions of the two task-based interview scripts 
for which children’s behaviors are discussed here. The full interview scripts are 
available from the authors on request. 

Task-Ba sed Interview #2 : Early in this interview the child is asked several questions 
related to his or her understanding of one-half and one-third: ° When you think of 
one-half, what comes to mind? ° When you think of one-third, what comes to mind? 
The purpose here is to invite freely described representations of fractions, without 
yet suggesting a specific context. Other parts of interview #2 provide opportunities 
for the child to describe a region and/or a set model for fractions, e g.: ° Suppose 
you had twelve apples. How would you take one-half/one third? Several different 
cut-out shapes are presented, and for each the child is asked: ° Here is a shape. How 
would you take one-half/one-third? ° Why is this one-half/one-third? ° Are there 
any other ways to take one-half/one-third? The student’s ability to write a fraction 
and understanding of notational meaning are then explored: ° Can you write the 
fraction one-half/one-third? ° What does this fraction mean to you? Another 
activity focuses on the way students work with an array of objects. The overall goal 
in this part of interview #2 is to investigate various fraction representations and 
models the child spontaneously uses or describes, and to observe the child's facility 
in making connections or moving from one representation to another. Each main 
question is followed by dialogue designed to elicit more specific descriptions or 
concrete models with the provided materials. Observation and analysis of interview 
#2 also becomes baseline data related to interview #5. 

Task-Bas ed Interview #5 : This interview begins by asking the child an open-ended 
question similar to (but more general than) those asked in interview #2: ° When you 
think of a fraction, what comes to mind? The described representations are later to 
be compared to those elicited at the beginning of interview #2, when the child was 
asked about one-half and one-third. Next the student is engaged in a discussion 
about fractions, and the kinds of things he or she has done with fractions in and out 
of school. A paper is then shown with five fractions written on it, all with numerals 
in large bold print, in vertical format with a horizontal fraction bar: one-half, one- 
third, two-thirds, three-fourths, and four-sixths. Questions asked include. ° What 
fractions do you see here? ° Can you explain to me what the fractions mean? ° Why 
are they written this way? ° Could you show me what they mean using some of the 
materials? ° Which fraction is the smallest (largest) fraction in the group? ° Are 
there any fractions in this group that are the same size? Two additional sheets of 
paper are shown successively to the student, one with pictorial representations that 
can be interpreted as corresponding to various fractions, and another with 
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"improper" fractions written numerically. The child is subsequently asked to show 
one-third and then one-fourth of a cut-out circle. A series of questions explores the 
child's understandings, including connections made among such external 
representations and the stability of the child's described fraction constructs. Later in 
this interview a series of problems are posed, each with the possibility of some 
fractional interpretation. In one of these, an unmarked piece of wood, measuring 
rxl"x5\ is placed in front of the student (recall, that a variety of other materials, 
including a ruler, a length of string, a calculator, pencils and markers, etc. remain 
on the table). ° Pretend this is a stick of butter. You need a tablespoon of butter to 
make a cake. You don't have a measuring spoon, but you know that there are eight 
tablespoons in a stick of butter. Here is the butter. How could you find exactly one 
tablespoon? 

Analysis and comparison of the two task-based interviews for all 20 children with 
respect to the four categories of research questions above is presently under way. 
Here we summarize some preliminary observations for three of the students. 

Preliminary observations and inferences 

Fernando : In fifth grade, Fernando (age 10) mentions “two pieces" as essential to 
one-half, and "three pieces" as essential to one-third. In finding one-half of a shape, 
he only asserts that the pieces have to be equal when discussing the circle. He also 
indicates that pieces have to be the same shape. In discussing thirds, he mentions that 
the pieces have to be the same size for the square ("you cut them out to see if they 
are the same size"), but denies that this is important when discussing vertical slices 
into three parts that he has made of the circle and the flower cut-outs. What matters 
for Fernando with the latter shapes seems to be only the number of pieces (3). 
When shown a wedge shape aligned with the circumference of the circle cut-out 
(having 1/3 the circle's area), and asked if this could represent one-half or one- 
third, Fernando responds affirmatively: it could represent one-half, because there 
are two pieces; it could represent one-third, because there would be three pieces if 
you drew the other line. When shown another wedge shape aligned with the 
circumference of the circle cut-out (having 1/6 the circle’s area), he agrees it 
represents one-sixth, but says it is too srqall to be one-half or one-third: it could not 
be one-third, because "you need more than three pieces to complete the circle". 
When the same wedges are placed inside the circle, rather on the circumference, 
Fernando made some interesting adjustments in his thinking. A wedge with half the 
area could now represent one-third, because the bottom section of the circle looks 
like one-third (as he drew it when he "sliced" the circle into three pieces); the 
wedge with 1/3 the area could still represent one-third if you put it back on the edge 
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of the circle; and the wedge with 1/6 the area could still represent one-sixth, or 
maybe one-fifth, because when it gets put back at the edge, five or six of them could 
fit into the circle. At this point in his development Fernando recognizes the number 
of pieces as critical to the fraction; he seems to think that the pieces should be the 
same shape, though this may not always be true; he is uncertain about whether they 
need to be the same size. He switches easily to a set model when asked to take one- 
half or one-third of twelve apples (he does this by dividing), or one-half or one- 
third of an array of twelve shapes (where he disregards their colors and shapes). 

In sixth grade (age 12), when asked to show one-third, he uses the same 
model, again slicing the circle and shading the right-most “third”. It still does not 
trouble him that the pieces are different sizes or shapes. A marked change, though, 
is that he now recognizes that the pieces can be split to form more slices; so that 2/6 
would be the same as 1/3, or 2/8 would be the same as 1/4. This is clearly related to 
his demonstrated ability to find equivalent fractions, by multiplying or dividing the 
numerators and denominators by the same number, using 2/2. or 3/3 or 4/4, etc. He 
volunteers that you could show one-third by taking one out of three circles. He 
solves the butter problem by measuring 12 1/2 cm, then dividing the 12 by 8 to get 
1 1/2 cm. He measures off one tablespoon only, and says the others would be the 
same size because he figured it out. It is not clear if he recognizes this as an 
approximate solution. But in the butter problem Fernando does recognize that 
“same size” can be important; after you get eight pieces, you can “cut them all and 
measure them on top of each other”. 



Graham: In fourth grade (age 10), Graham demonstrates flexibility in representing 
fractions meaningfully. What comes to mind with one-half is half the population of 
Rhode Island; for one-third he thinks of a pie with three pieces in it “because that’s 
what we usually say - one slice of a pie”. He is versatile in showing halves and 
thirds of shapes, emphasizing that the pieces must be the same size, even if they are 
not the same shape. He delights in making squiggly shapes, and knows that there are 
“infinity ways” to divide the circle or the flower in half by making diameters. He 
changes flexibly to a set model when finding one-half or one-third of twelve apples 
or twelve mixed shapes. 

In fifth grade (age 1 1), Graham never mentions irregular shapes. When asked 
what comes to mind when you think of a fraction, he says “just the fraction, two 
numbers with a line in the middle.” He easily represents and orders the fractions, 
and uses the algorithm for determining equivalence. He has also learned to divide 
and to form decimal numbers. This seems to interfere with his solving the butter 
problem, because he divides 5 by 8 and ends up with a number in the “hundredths 
and thousandths”, which he cannot use. He estimates “six tenths”, but then has 





problems finding this amount in inches. He estimates where this is on the ruler. The 
clinician says, “At about the 5/8 mark?” and Graham agrees. Then he goes on to try 
centimeters, about 1 3/4 cm, but this is too large so he gives up. He says they don’t 
do problems like this in school because “when the teacher gives it to you it’s usually 
easy to solve.’’ It is difficult to escape the implication that schooling is diminishing 
rather than enhancing Graham’s flexibility of representation, even as his 
algorithmic proficiency increases. 

lack- When asked in fifth grade (age 10) what comes to mind when you think of 
one-half. Jack says he thinks of half of a circle, because it’s the easiest thing to cut 
in half; for one-third he thinks of a rectangle, because it’s easiest to split into thirds. 
When finding halves of shapes he emphasizes going through the middle to make two 
equal parts. He makes three vertical slices to find thirds of a square, but says it is 
impossible to find thirds of the circle or the flower because when you slice them the 
slices are not equal. Curiously, however, he immediately recognizes the wedge- 
shaped third of a circle and says that it could be used to represent one-third. He 
volunteers that three of the wedges whose size is 1/6 of the circle would make one- 
half, and that two of them would make one third. The wedges needed to be in 
position at the edge of the circle for Jack to recognize this: “They don't represent 
anything unless you move them back to the edge.” He easily finds one-half or one- 
third of the apples or the shapes, but insists that each third or half of the shapes 
have the same number of circles and flowers, as “a circle does not equal a flower”. 

In sixth grade (age 12), when Jack thinks of fractions, he mainly thinks of the 
numbers. He compares fractions mostly by the algorithmic procedure of finding a 
number that “goes into both”. When asked to explain he just laughs, and says “It 
works and it’s right”. When pressed further, however. Jack does make rectangular 
regions which he compares visually. In fifth grade he could only imagine making 
slices of the circle, but in sixth grade he immediately makes an upside-down Y to 
trisect it. He says he can t think of any other way to do it. It is difficult to infer 
internal representations from Jack’s behavior in solving the butter problem, as he 
offers little verbally during the twenty minutes he works on it. He appears to be 
desperately trying to find a number that works. When pressed he says that one inch 
is too big, one-half inch is too small, three-quarters is too big. After some time the 
clinician says, “So it’s bigger than one-half and smaller than three-quarters”. Then 
Jack realizes that 1/2 = 4/8 and 3/4 = 6/8, so maybe it’s 5/8! He appears thrilled 
with this discovery. It is interesting that Jack is “ready” to figure out 5/8 in the 
context of his heuristic problem solving, while Graham (above) does not react when 
“given” the answer 5/8, even though this puts into words the location he is 
indicating on the ruler. 
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Conclusion 



Our observations suggest that in some situations, increased technical capability of 
symbolic mathematical representation of fractions does not imply increased 
flexibility of application or depth of conceptual understanding. There is evidence 
that for these children exploring various concrete and imagistic representations of 
fractions in greater depth would enhance their conceptual development. 
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PSYCHOLOGY STUDENTS’ CONCEPTIONS OF A STATISTICS COURSE 



Sue Gordon. JaLkieJ^Lckolas. Kathryn Cxmfinl University of Sydney 



ABSTRACT 



We report in this paper the preliminary results from a study to investigate the 
conceptions of a compulsory statistics course held by university psychology students. 
Phenomena graphic research methods were used to analyse responses to 
questionnaires administered to 270 students. A set of five categories of description 
for the stiulents' conceptions of their statistics course were identified. Relationships 
were found between the students' conceptions, their attainments in assessment tasks 
and their willingness to study statistics. The results suggest that a majority of 
students view statistics as essentially disconnected from other knowledge. Moreover, 
a narrowly algorithmic approach was reinforced by assessment requirements. 

What do psychology students think they are learning when they are required to study 
statistics at university? What conceptions of statistics do their attainments in 
statistics examinations reflect? Is there a relationship between students’ willingness 
to study statistics and their conceptions? What connections do they see between 
statistical knowledge and their broader concerns? These are some of the questions 
we attempt to answer in this paper for a group of 270 students who were studying 
statistics as a compulsory component of second year Psychology. The paper is based 
on ongoing research into students’ orientations into learning statistics at university 
(Gordon, 1993; 1995; In Press). 

The prominence of statistics in university courses has generated considerable 
research into statistical education in the last fifteen years. This research shows that 
many students have difficulties with and misconceptions about statistical ideas (See, 
for example, Garfield and Ahlgren, 1988; Green, 1994). Many studies have focussed 
on reforms in statistics education by suggesting new and improved ways of teaching 
statistics (Eg Garfield, 1993; Hawkins et al, 1992; Romero et al, 1995). 

In contrast, our perspective focuses on what is learned rather than what is taught. In 
order to take the standpoint of the students, that is, take a “second order perspective”, 
the research adopts a phenornenographic approach (Marton, 1986; Crawford, 
Gordon, Nicholas & Prosser, 1994). This approach is described by Marlon (1988) as 
“a research specialisation to study the different understandings or conceptions of 
phenomena in the world around us.” Such an approach views phenomena 
systemically and avoids the boundaries between person and context. It is consistent 
with a Vygotskian view' that there is no assumption of a duality between self and 
contest; between thinking and acting (Vygotsky, 1978). The use of a 
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phenomenographic approach to this research has allowed us to describe the 
experience of learning statistics at university from the point of view of the students 
themselves. We have attempted to give our students a voice, a voice not normally 
heard in statistical education. 

METHOD OF RESEARCH 

Over 270 second year Psychology students, at the University of Sydney, completed a 
questionnaire on their conceptions of the statistics component of the course and their 
attitudes and approaches to learning statistics. The survey was completed 
approximately halfway through semester I, that is, in week 12 of a 21 week semester. 
The questionnaire included the following open ended question, designed to elicit 
students* own conceptions of the statistics they were currently studying. 

What in your opinion is this statistics course about? Please explain as fully as 
possible . 

The first stage in the analysis of the data was to identify a set of qualitatively 
different categories of description to the open ended question. This involved the 
following procedure: 

1. An initial set of categories was identified, by two independent researchers reading 
and classifying the entire set of responses to the above question. 

2. The two researchers then compared and discussed the categories and agreed on a 
draft set of categories. 

3. They, together with a third researcher, independently classified 30 of the 
responses in terms of this set of categories. 

4. The individual classifications of the three researchers were compared and a final 
set of clear statements of each category was agreed upon. 

5. All 270 responses were then classified accordingly. 

6. All responses were discussed and agreement reached on any classifications that 
did not match. 

The students were asked whether they would have studied statistics if it had not been 
compulsory to do so. Their responses to the questionnaire were then analysed to 
explore the relationships between students’ conceptions of the statistics course and 
their attainment in tests and examinations during the first semester, their expressed 
willingness to study the statistics and gender. 

RESULTS 

Categories of Description of Students’ Conceptions of the Statistics Course 
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The phenomenographic analysis of the responses to the question yielded a set of five 
qualitatively different categories. A label for each of the categories is given below. 
Labels arc followed by descriptions of that category and illustrative excerpts from 
students’ written responses. 

1) NO MEANING 

Students’ responses that indicated perceptions of the course as meaningless or 
unconnected to their goals in learning psychology, worthless or set by the university 
as a means to confuse or “cull” less able students, were classified in this category. 

For example a student responded to the question as follows: Trying to confuse me 

2) PROCESSES or ALGORITHMS 
Responses were classified in this category if: 

a) The student’s responses to the question consisted of a list of one or more statistical 
procedures such as hypothesis testing or tabulating data. 

b) The student’s perception of the course was reported in terms of an input-output 
machine or black box. That is, the response indicated a perception of the course as 
being about mechanical processes or coding. 

Examples: Number crunching 

and Statistical results from experiments. 



3) MASTERY OF STATISTICAL CONCEPTS AND METHODS 

Responses were classified in the third category if students reported their perception 
of the course in terms of competence or proficiency in the methods of statistics. 
Typical responses mentioned some or all of the following class exercises: analysing 
or interpreting given data, coming to conclusions on the basis of decontextualised 
information, solving practice exercises. In short, reading and/or understanding 
statistical information in isolation from the rest of their studies of psychology. 

For example a student wrote: To give us the basics in statistics. 

Another wrote: Determining the results of experiments in the correct manner ... 

4) MASTERY AND A TOOL FOR GETTING RESULTS IN REAL LIFE 

Responses in this category included notions of proficiency in statistical methods but 
also referred to the use of statistics in conducting research or its use in society. 

An example of a response indicating the perception of the course as providing a tool 
was: using statistics to apply it to experiments we will use later on in careers in 
psychology. A practical course . 



... It's not necessary , considering computers do all the work. 
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5) The final category was labelled A WAY OF CRITICAL THINKING. 

Responses were classified in this category if they included the idea of statistics as a 
tool and, in addition, referred to the statistics course as being about a (mathematical, 
scientific) way of critically evaluating findings, or organising, communicating and 
assessing findings. 

An example of a response in this category was: Understanding how numbers can 
provide evidence for or against some hypothesis you are testing . As a way of 
ensuring the validity & reliability of your own research methods . To understand how 
numbers can be used to falsify data! conclusions. 

Distribution of Responses 

Figure 1 below indicates the distribution of responses into the five categories. 



FIGURE 1: Distribution of Students’ Conceptions of the Statistics Course 




Interestingly, a large number (11%) of the students omitted to answer the question or 
responded in a way that indicated a reluctance to think about it. It appears that many 
students find it difficult or are unwilling to articulate their conceptions. 

Relationship to Other Variables 

Performance in Tests and Examinations 
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We first consider how students’ reported conceptions of the statistics course relate to 
their performances in assessments in the first semester. Students had three 
assessment tasks. There were two class tests which were open book exercises, in 
which students were asked to show all working, and a multiple choice examination. 
No books or notes could be used in the examination. Relationships to the 
examination marks and the average of the two class tests (which will be referred to as 
the class mark) are reported separately. 

The means for the students’ performances are shown in Table 1 and Figure 2. 

TABLE 1: Average Assessment Marks for Each Conception Group 



Conception 


Means for Class Marl 


Cleans for 
Examination Marks 


No Meaning 


64% (N=9) 


47% (N=9) 


Processes 


59% (N=55)* 


57%(N=54) 


Mastery 


59% (N=73) 


49% (N=69) 


Tool 


58% (N=43) 


56% (N=41) 


ITiinking 


80% (N=3) 


53% (N=4) 



*N differs in some cases, as some students did not write both the examination and the class tests. 



Figure 2 below shows that students performed better in the class tests than in the 
examination. The correlation between these students’ class marks and examination 
results is 0.6. 

When comparing the attainments of the different concept groups on the two different 
forms of assessment (problem solving tests and multiple choice examination), an 
interesting pattern emerges. No statistically significant differences were found 
between students’ average attainments on their class tests for the three largest 
Conception groups: Processes, Mastery and A Tool. With the exception of the three 
students whose conceptions of the statistics course related to a way of thinking, no 
mean increase in marks was gained by students who conceived of the course in other 
than algorithmic terms. Thus, increased effort to make meaning were not rewarding 
under the conditions of the assessment of the class exercises. 

The group of students who reported their conceptions of the statistics course as 
algorithmic Processes obtained higher marks in the multi choice examination that 
any other group. Indeed the Processes group perfonned significantly better on the 
semester 1 examination than those who reported their conceptions in terms of 
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Mastery (paired t =8.1 1, p=0.0001). This result implies that their conception was 
associated with an expedient approach to learning, in terms of course grades. For the 
vast majority of students, a purely algorithmic or mechanical conception of statistics 
was reinforced by successful assessment results. 

FIGURE 2: Mean Marks for Class Tests and Examination for Conception Groups 

class 

examination 



Marks 

(Percentages) 




Concepts 



Willingness to Study Statistics 

Seventy four percent of the students surveyed answered “No” to the question: Would 
you study statistics if it were not a requirement of your psychology course ? 

The table below shows the differences in the perceptions of the course between those 
that responded in the affirmative and those who expressed an unwillingness to study 
statistics. Almost 80% of the “Yes” students reported their conceptions in terms of 
mastering the methods and concepts of statistics and/or using it as a tool. Few (14%) 
of these students reported thinking of the course as being about statistical procedures. 
However, over a third of the “No” students reported their conceptions in terms of 
algorithms and processes. Not surprisingly, none of the students who expressed the 
opinion that the statistics course had no meaning for them expressed a willingness to 
study statistics. 
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TABLE 2: Students’ Concepts Versus Their Willingness to Study Statistics 



Percentage (Number) of Students 





No Meaning 


Processes 


Mastery 


Tool 


Thinking 


“No” (N=181) 


7% (13) 


36% (65) 


36%' (66) 


20% (36) 


1% (1 ) 


“Yes” (N=65) 


0 


14% (9) 


45% (29) 


34% (22) 


8% (5) 



The increased interest in statistics of the minority group who felt positive about 
studying statistics was reflected in their grades. On average, the “Yes” group 
achieved higher marks on both forms of assessment. 

Gender 

For both sexes. Mastery was the modal category. However, Table 3 below shows 
that a considerably higher proportion of females than males reported thinking about 
the course as providing a tool which could be used in the future. On the other hand, a 
larger proportion of males than females evidently perceived the statistics course to be 
about mechanical processes or statistical procedures. In general, males performed 
better on the multiple choice examination. 



TABLE 3: Students’ Concepts Versus Their Sex 

Percentage (Number) of Students 





No Meaning 


Processes 


Mastery 


Tool 


Thinking 


Females (N=201) 


3% (7) 


25% (50) 


36% (72) 


25% (51) 


2% (4) 


Males (N=75) 


8% (6) 


29% (22) 


33% (25) 


8% (6) 


3% (2) 



DISCUSSION 

There has been some concern about the outcomes of statistics education. This 
research has focussed on student conceptions of a compulsory statistics course — 
their point of view. The majority of the psychology students who were surveyed were 
unwillingly studying statistics at university. Most reported learning mechanical 
procedures or decontextualised statistical concepts and methods. Further, these 
conceptions appear to be reinforced by success in formal assessment tasks. The 
minority group of students who expressed a greater willingness to participate in 
statistics courses reported more thoughtful and personally meaningful conceptions of 
statistics. Their increased motivation was reflected in higher marks. However, for 
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most students, a lack of understanding and interest was no deterrent to their 
successful completion of class exercises nor reflected in grades. 

Although the course was a component of wider studies in psychology, less than a 
quarter of the students expressed an awareness of connections between statistical 
knowledge and applications in psychology or any other field. If we regard statistics 
as a useful and human endeavour, university educators will need support to ensure 
that students receive meaningful experiences of doing statistics that go beyond mere 
“ number crunching ** so that they cannot imagine that “ computers do all the work**. 
Such support will require more time and better resources than are usually allocated. 
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Choosing a Visual Strategy: the influence of gender 
on the solution process of rotation problems. 
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Abstract 

Visualisation in geometry nquircs the mental manipulation of visual imagery. Most pre:- 
vious studi( s ndated to msualisation have focused on the pmecsses involved in solving 
mathematical problems in general. Little research has been published that takes into ac- 
count the occurrence of visual processing when childre n work on spatial tasks, pnseuteel 
through fig unit stimuli. This report disetisse.s the relationship between achievement and 
strategies used by students aged 12 16 when tackling Iransfomiatioti problems involving 
spatieil rotations. It compeires, as sample groups atid not as individuals, the mathematical 
be: ha vm ur ttf boys and girls and not se fitly the ir performance \ The- re sults suggest that gen- 
der is not enefugh an e xplanatory variable when analyzing the solving processes invedved 
in speitieil tasks, at least when students face tasks whose geometric focus is a reflation. 



Spatial abilities, visual processing and gender. 

Out’ of the most studied aspects among those related to mathematical abilities is the analysis 
of differences among individuals. However, there are; two different ways of viewing a person’s 
various mathematical abilities. One way is to consider the? level of accomplishment in some 
given tasks, which have somccommon characteristics determined in advance, 'flic second way, 
is to consider the individual’s cognitive traits that facilitate the solving processes of those; tasks. 

The construct visualisation appears not only in most of the studies dealing with spatial 
abilities, but also in many researches related to the solving processes of mathematical problems 
in general. On the studies concermxl with spatial abilities, visualisation, even if not always 
having the saint! meaning, is ofte;n related to the ide;a e>f achievement. The origins of the 
research considering visualisation as a trait e>f the solving processes e»f mathematical problemis in 
general, was the individuars characterization, presented in Krute;kskii’s work (1976), from the;ir 
mathematical cast of mind. considered as something differemt fre>m their level of spatial ability. 
Bishop (198-1), taking as a starting point the; ide;a that it. is impossible to establish a single 
definition of spatial ability, and trying to focus attcntieMi on the significant learning processes, 
suggests we; consider twe> different abilities (op. cit., p. 181): the ability of interpreting figural 
information (IKI), anel the; ability e>f visual processing (VP). Bishop emphasizes those; aspects 
re;lateel to processes e>ver those redated to the; stimuli form anel refers to visual processing in the: 
mathematical context, in its broadest sense;, anel therefore; in a cemtext where visual stimuli are; 
not always ne’celexl. 
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Since the boginning of research reflated to spatial tasks, many studios have* attempted to 
analyze; the variables that influence the degree* of achievement that students demonstrate in 
those; kinds of tasks. Many and varied aspects have* been studied: gender, cultural influence, 
curriculum content, material manipulation, and so on. Through the years, the amount of 
research that demonstrated a superior achievement for boys than girls in spatial tasks is so 
impressive that to refer to them all would be cumbersome. The evidence seems so enormous 
that it is difficult not to conclude that a characteristic of spatial tasks is masculine superiority. 
Nevertheless, there is research pointing out that more variables ne<*d to Ik; taken into account: 
age. of sample people (Hall and IIofT (1988), Nash (1979), ethnic origins (Van been wen (1978), 
cultural backgrounds (Hanna 1989), or what is understood as spatial tests (Eliot and Smith 
(1982), llalpcm (1989), Shuard (1982) and Wattanawaha (1977)). 

Most of the studies related to gender differences in spatial abilities art; concerned with 
achievement, and regretfully not with the differences in solving strategies or processes. The 
amount of research dealing with differences related to gender in the solving processes of spatial 
tasks remains very small. Some of these studies conclude that even if there are not gender 
differences in performance, it should not be assumed that strategies used by individuals of both 
genders are the same (Newcombe et al. (1989), Tartre (1990)). The analysis of others do not 
lead us to identify any characteristic of the mental procedures of boys and girls that allows 
us to suppose the existence of any differences between strategies and solving processes of both 
genders (Hattista (1990), Lohman (1979), Presmeg (1985)). 

Some of the research quoted above refers to the solving processes of mathematical tasks 
in general. However, the content of the visualisation of abstract relationships has a different 
nature from that of the visual processing of geometric facts. Actually, most of the studies 
that analyze cognitive processes related to visualisation, are interested in the solving processes 
of mathematical problems in general. Little has been published regarding the analysis of tin; 
solving processes of spatial tasks, presented through figural stimuli, and taking into account 
the possibility of using or not using visual processing. 

The solving processes of rotation tasks. 

This study deliberately proposes to use the construct spatial processing ability instead of the 
construct visual processing ability, in order to clearly state the difference between the ability 
to solve any situation by means of a visual processing strategy, and the ability to cope with a 
spatial task, having already visual roots, using any kind of strategies. 

In the present research, spatial pi'oeessing ability is understood as the ability needed to fulfill 
the combined mental operations required to solve a spatial task. It includes not only the ability 
to imagine spatial objects, relationships and transformations , but also the ability to encode them 
into verbal or mixed terms. It also includes the ability not only to manipulate the visual images 
of spatial facts, but also the ability to solve the tasks using processes that are not merely visual. 

Obviously, the spatial processing ability so defined, even if described with a singular term, 
has plural meanings. Spatial processing ability includes at least as many different abilities 
as many spatial transformations one may imagine. The present study focussed on one of its 
aspects, rotation. 

The research (Clorgorio 1995), 1 am referring to, analyzed and characterized the strategies 
used by a sample of students, aged 12- 16, when dealing with geometric tasks that required 
a spatial rotation. On this report, I present the results concerning the comparison of the 
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mathematical behaviour of boys and girls, as sample groups and not as individuals, from the: 
point of view of strategies used during the solving processes and not solely their performance. 

Taking as a starting point Burden and Coiilson’s study (19S1), and modifying it to lit the 
present research goals, students’ strategies were analyzed from thrive ditferent standpoints: the: 
origins and tin* organizing of the information used, the mental representation mode, and the 
focus of attention. Therefore, for every subject aifd for every task, one may speak of structuring 
strategy . processing strategy and approaching strategy , being not tlire*: different kind of cognitive 
strategies, but three ditferent aspects of the student’s solving strategy. Following, there is a 
short d(*scription of each category, for further details see (lorgorid (19%). 

For the study of structuring strategics , the student’s cognitive strategy was considered from 
the standpoint of the different mental ways of faring the task, the mental organization, and 
source of the information used to c:ope with the. task. 

When analyzing processing strategics , the student’s cognitive strategy was considered from 
the standpoint of its form of mental representation. The premise was taken that all mathe- 
matical problems imply reasoning or logic in their solving processes. Furthermore, all the tasks 
presented in the present research to sample students had a figural support on its presentation. 
Therefore, t he fac t that determined which kind of processing strategy the student used was the 
use or not the student made of visual images during the solving process, a fact that could oidy 
be elicited from students explanations and observation. 

'Idle analysis of the students’ cognitive strategy considering its attention focus over the 
geometric object led to determine his or her approaching strategy. 

Method. 



Qualitat ive data obtained t hrough clinical interview was used in the analysis of students’ solving 
processes. Quantitative analysis was uschI also, in order to achieve the: other goals of the study. 
Qualitative and quantitative analysis being complementary generated the results of research 
and contributed to the study’s validity. 

Nine tasks were presented to a sample of students to be solved during the: interviews. The: 
geometric demand of all the tasks was a spatial rotation. All the tasks were presented with 
visual support, using both re*al objects and 2-1) representations of 3-1) objec ts. 



As one of the assumptions was that task characteristics influence students strategies, the 
tasks’ statements wc>n: prepared carefully. Among the: characteristics t hat wc:re considered as 
be-ing liable to mexlify or influence students strategies, the most, significant turned out to be the: 
required action. Required action is the action to he done by the: subject in order to solve the 
task, in the sense established by Leinhardt et al. (Unnhardt et alt. (1990)). Among the tasks, 
there: we*re* 4 whe>se require*! action was of interpretation, that is to say, whe:re the: students hael 
to react in front of a geometric action presented as accomplished, or to gain meaning from an 
ohje:ct e>r a representation, withenjt representing e>r drawing anything. 



Three e>f the: tasks of interpretation (1—1, 2 I, ft l), had the* form of a multiple choice 
question, whe*n: students hael te> decide which was the correct answe:r by identifying objects 
be:ing e>r ne»t the same through rotation. Those: tasks belonged te> a te:st that has Ixwn created 
anel validated in a previous study. The te*st content included some 3-1) ge*ome:try ite»ms related 
to curricular content, and some other items to test the pe:rfe>nnane;e of students in spatial tasks 
in general. 
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The: tasks whose required action was of construction were 5. In those tasks, students had 
cither to draw or to construct, with wooden cubes, an object fulfilling the geometric request. 
(Jiven the initial object, the student had to generate the final one, that means he or she had 
to apply a rotation, mentally or through manipulation, over it to generate a new one, real not 
imagined. Task 2 A, presented next, is an example of tasks of construction. 



Construct . with the wooden cubes, 

the object presented in the figure. as it would remain 
after rotating it 180 ° over its base. 




Task 2 — A. 



The tasks were administered to a sample of 24 students, aged 12 to 16, selected from a 
broadest sample of 645, from different types of schools, which had been administered the* test 
previously mentioned. When selecting the sample to be interviewed, students 1 characteristics 
were diversified, taking into account theoretical conditions: gender, age and performance at the 
spatial test. 

For every task, the interviews were prepared beforehand, planning a detailed sketch from tin? 
results and observations of a pilot experiment. Interviews were tape recorded, and drawings and 
objects made by the students were put away. Students 1 processes of drawing and construction 
were recorded through codified notes. During the interviews, the researcher also noted actions, 
movements and gestures made by the students that were considered to be hints of strategies 
used. Students were asked for the description of their solving processes once the task was 
accomplished. The transcription of all interviews, drawings and objects produced by students 
during the interview, and researcher’s notes were the initial data. 



Systemic networks, Bliss et al.(1983), were used to unfold, structure and reduce the data. 
Comparing the (lata corresponding to all the tasks, structured through networks, allowed the 
characterization and description of the different kind of strategies. Other goals required a 
quantitative analysis to be achieved. In such cases, for each task and for each category of 
tegies, tables were built summarizing the data. From the tables, the existence of some 
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tendencies was observed. Further statistical analysis was used to decide which tendencies 
were enough significant to be considered. Broader results, for instance those concerning the 
differences among strategies us<nl by boys and girls, were attained comparing quantitatively 
and qualitatively the evidence oh taiued through parallel processes done for each task and for 
each kind of strategy. 

Results. 

For each task, students' cognitive strategic were characterized as being structuring, processing 
and approaching strategies. Only a short characterization is presented here. In tlorgorib (19%), 
the reader will find a detailed description and some examples of the different typt*s of strategies 
within each category. 

The structuring stmtegies observed implied the student getting involved in the context of 
the situation, using information obtained from previous experience, or simplifying the task’s 
structure. 

Processing strategics were characterized as being visual or verbal . A processing strategy was 
considered to be visual when, from the student’s explanations, it was clear enough that he or 
she had imagined some of the following aspects: the task’s context, a rotation or a position's 
change of either the suhject or the object. When saying that it was clear enough that a student 
had imagined any situation, it is meant that either the student had explicitly said he or she had 
imagimnl it, or it could be elicited from the student’s explanations and observation. That would 
be the case of some students who said to be performing an action, a physical action, when they 
actually did not. A student's processing strategy was considered to be verbal when the student 
solved the task without imagining any situation, but relying on facts related to properties of 
180° rotation, symmetry, congruence or using information belonging to the context. 

Appf'oaching strategics were characterized as being global or partial . An approaching strategy 
was considered to be global when the subject foenssid his attention over the object or the 
situation considered as a whole: by comparing it with a real life ohjc'ct or situation, or by 
referring to the objects' congruence. It was considered to be purttul when he or slur foc ussed his 
or her attention on some parts of the object, taking into account some of the following aspects: 
the existence of significant parts, their characteristics, their relative position, or tin? dements 
resulting of splitting up the object. 

In terms of gender differences, some qualitative differences were observed among 
structuring and processing strategies used by boys and girls, and no difference 
appeared among approaching strategies used by individuals of both genders. When such 
differences appeared, related to structuring or processing strategic, they depended on the 
required action of the task. 

Concerning structuring strategies, when there were qualitative differences and the required 
action of the task was of interpretation, girls tended to use structuring strategies consisting of 
simplifying the task’s structure, while boys did not use any structuring strategy. For instance, 
in one of the tasks of interpretation, where students had to compare four options among them, 
girls tomb'd to take one of the options as a model, and compare the others with that one, while 
hoys tended to deal with all four options simultaneously. 

When the required act ion of the task was of construction, girls «lid not use any structuring 
strategy, and boys were distributed among those who relied on previous knowhnlge and those 
who did not use any approaching strategy. Boys relying on previous knowledge made use of 
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information obtained from previous experiewes or information which could explain the* situation 
or helped to solve tin; task, for instance', in task 2 A presented before, one of the students 
(A.B.) said, without being asked and just before initiating the solving of the task, that he 
should take into account what changes take place when turning 180° an object over its base. 

A.B.: / have to built up the object, say... the part behind has to be in front , and 
the right has to go to the left ... when building it up. 

In a similar way, differences appearing on the processing strategies used by boys and girls, 
depended on t he? require*! action of the task. Moreover, qualitative differences among processing 
strategies appeared only when the required action of the task was of interpretation. The 
following table presents, for each task, its type of required action, the existence of differences 
among genders concerning processing strategies used, and the significance of those differences. 



'Task 


required 

action 


difference 

boys/girls 


significance 


Streets 


interpretation 


NO 


- 


/- / 


interpretation 


YES 


9 0% 


2 1 


interpretation 


NO 




H I 


interpretation 


YES 


90% 


I —A 


construction 


NO 


- 


2-A 


construction 


NO 




:i A 


construction 


NO 


- 


t 11 


construction 


NO 




3 -H 


construction 


NO 





From the table; oik; observes that qualitative differences among processing strategies ap- 
peared only on two tasks, where the required action of the task was of interpretation: boys 
tended to use visual processing strategies and girls to use verbal processing strategies. 

Concerning difficulties and errors, some differences lietwccii boys and girls had been ob- 
served. Those difference's on the* errors observe*! during the interviews corresponded to the 
ones observed on the; large* sampling test, Girls had more difficulties and made more errors 
when interpreting tasks’ statements so for the verbal language referrt*! to spatial facts and ob- 
jects as for the representational code used. Girls made also more geometric errors than boys. A 
significant difference between the number of geometric errors of boys and girls had been found 
for three tasks. Girls tended to mistake a 180° rotation for a symmetry. 

The differences between erros of both genders can be interpreted through boys and girls using 
different strategies. In the task of interpretation, where appeared significant differences among 
errors, those were related to the processing strategies used. Verbal processing strategies — which 
were on the most used by girls — led to a biggest number of errors due to misinterpretation 
of t he task’s statement. In the tasks of construction, differences are tied to a distinct use of 
structuring strategies. Structuring strategies on which the subject relies on previous experiences 
tended to lead to correct answers. The number of boys who used this kind of strategy is 
substantially bigger than that, of girls. This fact could explain the differences favoring males, 
of the number of correct answers. 
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Conclusions. 



The methodology used on a rest ‘tin'll very iimeli conditions the nature of the results out* arrives 
at. By large sample test ing one may conclude general assertions, which, on the other hand, give 
only information about achievement anti not. processes. Qualitative analysis of data, obtained 
through interviewing a reduced sample, leads to obtain results of a descriptive nature about 
students' solving processes that can only be used to explain students behaviour on analogous 
situations. However, both methodologies may be used on a complementary way as in the 
present research, where part of the results obtained through statistical analysis of a big sample 
test, may be explained through the answers of a reduced sample. 

Another important issue of the present research relates to the key role tasks' characteristics 
have as inllucnciug factors of students’ solving processes. The most relevant concerning gender 
differences is, probably, the required action. The studies considering spatial orientation ability 
as the achievement level on a spatial test, were presenting to students tasks of interpretation. In 
such kind of tasks, (pialitative differences in the use boys and girls do of processing strategics 
have been found, ami that different use led to differences in the answers’ correctness. The 
res< ‘arches studying solving processes, dealt with tasks of const ruct -ion. In tasks of construction 
no differences have? been observed neither in processing strategies, nor in approaching strategies 
of boys ami girls. However, some differences on the struct uring strategies used by boys and girls 
have been observed. Furthermore, when there are differences among boys’ and girls’ answers, 
those can lie explained through that different, use of structuring strategies. 

Moreover, the results of this study add evidence to the* fact that sex is not enough a diller- 
entiating variable when analyzing the solving processes of spat ial tasks, for differences between 
genders are less than differences within genders, at. least when students face tasks whose geomet- 
ric demand is a rotation. It is one of t he writer's beliefs that, education should help st udents 
to overcome their difficulties, but should not force them to renounce their individual traits. 
Therefore I conclude quoting Clements ami Battista (1992, p. 158) ‘we should eventually he 
able to move beyond studying gender difference's to the study of different cognitive profiles that 
underlie successful performance in geometry’. 
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DISCOURSE IN AN INQUIRY MATH ELEMENTARY CLASSROOM AND THE 
COLLABORATIVE CONSTRUCTION OF AN ELEGANT ALGEBRAIC EXPRESSION 



Barbara Graves and Vicki Tack 

McGill University and St. George’s School/ McGill University 
Montreal, Canada 

This paper investigates how the discourse practices of m o Grade 5 students mediated 
their reasoning processes in an inquiry mathematics classroom. The focus is on the 
collaborative exchange as a mechanism for conceptual change as the students engaged 
in a difficult problem-solving activity. Of particular interest is how students drew on 
their shared knowledge and interest to maintain the discussion and how the role of 
genuine inquiry within the talk resulted in the construction of what we have designated 
an elegant algebraic expression. 



This paper investigates the discourse of inquiry as we examine how the discourse 
practices of two Grade 5 students mediated their reasoning processes in an inquiry 
mathematics classroom. Currently, the study of discourse holds an unprecedented high 
profile in research which investigates human cognition as an interaction of individual, 
social and cultural processes (Cole, 1991). Many researchers have focused broadly on the 
social and functional uses of language in society (cf., Halliday, 1975; John-Steiner, Smith 
& Panofsky, 1994; Vygotsky, 1978), while others have focused specifically on classroom 
discourse including the mathematics and science classroom (Ball, 1991; Green & Dixon, 
1993; Lemke, 1991). In a recent article Hicks (1995) reviews aspects of discourse as an 
inherently social construct which mediates children's academic learning, and discusses the 
educational reforms in relation to discursive activities (e.g.,. NCTM, 1989). In regard to 
the appropriation' of mathematical discourse, children become schooled in the practice of 
mathematics as they learn to make connections between their own inventions and the 
conventions of the culture (Lampert, 1990; Cobb, Wood, & Yackel, 1993). At the same 
time as children learn about cultural tools such as algebraic generalization, they come to 
appreciate the power and authority inherent in those tools (Weitsch & Rupert, 1993). 

In our investigation of communication in collaborative problem-solving exchanges, 
the work of Teasley and Roschelle (in press) is especially pertinent. Teasley and Roschelle 
define collaboration as "a coordinated, synchronous activity that is the result of a continued 
attempt to construct and maintain a shared conception of a problem.” They identify this 
shared conceptual structure as the joint-problem-space which has two important features: 
1) the joint-problem-space is constructed and maintained by means of conversation in the 
context of problem-solving activity; and 2) the joint-problem- space is the structure which 
enables the conversation about problem-solving to take place. The underlying assumption 
is that while overlap in meaning in the collaborators’ common conception of the problem 
may be neither complete not certain, it is sufficient to lead to a gradual accumulation of 
shared concepts. 

In this paper the episodes selected for study illustrate the students' search for 
meaning, and their appreciation of an elegant solution in terms of coherence, economy, and 
explanatory power. Their engagement with the ideas in their mathematics assignment 
seemed to us a prototype of what inquiry is. We will deal with their individual 
conceptualizations of the problem, as evidenced through their talk as we consider the 
question: "What does it mean for a cognitive process to occur both in and between 
individuals?” (Cole, 1991, p. 398-399). We concur with Vygotsky's view that the sign 
(word, diagram, algebraic notation) both represents a person’s thinking, and transforms it 
(Wertsch & Toma, 1995, p. 163) and we adopt the premise that communication, activity 
and representation are mutually constitutive (Teasley & Roschelle, in press). 
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The school community and classroom setting 

St. George's is a private, non-denominational school, with a middle class 
population of mixed ethnic, religious, and linguistic backgrounds; the population is pre- 
dominantly English-speaking. The total class size in the 1993-1994 year was 25; the work, 
however, is always done in half-groups (12 or 13 children in each group) of heterogeneous 
ability. Problem-solving is at the core of the mathematics curriculum in this classroom. 

The school and classroom learning site is a community of practice which Richards 
(1991) has called inquiry math, it is one in which the children are expected to publicly 
express their thinking, and engage in mathematical practice characterized by conjecture, 
argument, and justification (Cobb, et al , 1993, p. 98). The students have been tackling 
non-routine problems in diverse areas of the curriculum since their entry to the school, 
hence six years for many. For a number of the children, it is likely that academic discourse 
would be heard at home, as well as in school. 

Mathematics class periods are 45 minutes, and twice a week are extended to 90 
minutes. In addition to the in-class problem-solving sessions, each week the children also 
work on one challenging problem at home. They are expected to record their work and 
reflect on their strategies in a Math Log which serves as the initial basis of their group 
discussions in class. In class much of the session is conducted by the children as they 
discuss the problem first with a partner, then in a group of four consisting of two pairs, 
and finally with the entire group of twelve students. In this way each problem is examined 
on four separate occasions in multiple contexts. 

The data 

The children are videotaped throughout the school year on a rotating basis as they 
work in their groups. In addition to the videotape records, data sources include focused 
observations, student artifacts (math logs), teacher-composed questions eliciting opinions 
(written responses), and retrospective interviews. 

The mathematical context of the problem/discussion 

The focus in this paper is on the final problem. Tunnels revisited , in a series of 4 
inter related problems which are increasingly demanding. Below is the sequence of 
problems: 

*#I Tunnels: 'Nine prairie dogs need to connect all their burrows to one 
another in order to be sure that they can evade their enemy, the 
ferret. How many tunnels do they need to build? 1 (February 7, 1994) 

•#2 Decagon Diagonals: How many diagonal lines can be drawn inside a 
figure with 10 sides? (April 25, 1994) 

♦#3 25 -Sided-, 52 -Sided Polygons : How many diagonals would there be in a 
25-sided polygon? in a 52-sided polygon? (May 16, 1994) 

*#4 Tunnels revisited: Can you write a number sentence or general rule for 
the Tunnels prohlem? (May 24, 1994) 

In an earlier paper Zack (1995) described how the children in her 1993-1994 grade 
5 class worked together to arrive at an understanding of generalization. The two joint 
authors of this paper, Vicki Zack, a teacher-researcher in her homeroom classroom for the 
past 7 years, and Barbara Graves, a university researcher, have extended the investigation 
by examining how two of those children applied that knowledge to solve an additional 
challenging problem. The two boys, Jeff and Micky, both managed to generate a general 
rule to solve problem #3, ”How many diagonals would there be in a 25-sided polygon? in a 
52-sided polygon?" and then used their algebraic expressions as the basis for their ensuing 
discussion of and solution to problem #4. (Note: The students had already encountered 
this problem as problem #1 in the series. At that time ALL students approached problem 



#1 by using either an iconic graphic to represent the burrows and tunnels or by means of a 
chan.) 

The collaborative exchange 

Following are conversational extracts which have been transcribed from the 
videotapes. Overlapping conversation appears between /slashes/. While our goal was to 
include portions of dialogue which clearly convey the meaningful aspects of the exchange, 
it has been our experience that transcriptions of children's talk from videotapes often appear 
less meaningful to the reader than to the researchers who had access to both the visual and 
audio record as well as to the context of the activity. We hope the accompanying 
descriptions help fill in the gaps. 

The pivotal strategy upon which the algebraic expression for problem #3, Decagon 
Diagonals (Zack, 1995) was constructed was as follows: Count the number of diagonals 
emanating from a vertex, multiply that number by the number of sides, and divide by two. 
Hence, in a decagon, there are 35 diagonals. Figure 1 below graphically illustrates this 
representation. 

lo 

x _7_ 

7 ° 

Figure 1 . Child’s representation of diagonals from one vertex in a decagon. 




In their solution to problem #3, Jeff and Micky constructed two variations: Jeff constructed 
a rule with two components, (S - number of sides): 



A * S + 2 = diagonals, where A = sides - 3 

Micky's rule is equivalent but more direct, (Z = number of sides): 

Z - 3 * Z + 2 = diagonals 

In both solutions it was Z - 3 or sides minus 3 because the connections were made to 
all vertices except for three, namely itself, the vertex to the left and the vertex to the right. 
The boys agreed on the equivalent nature of these two representations. 

Two models of the problem. The boys then went on to tackle problem #4 which 
required that they generate a number sentence or general rule to determine how many 
tunnels are needed to connect all 9 burrows. 

J: . . That was just like saying this is what I know, now how am I gonna put it into a 
sentence? So what 1 did is 1 did Point A times sides divided by two then plus sides 
'cause you get the diagonals plus the sides, and then that's all the lines you can 
draw, (emphasis added) 

The model of the problem that Jeff has constructed is a component model in terms of 
diagonals and sides and this representation explicitly extends the findings from problem #3. 
He represents it as: 



A * sides + 2 



sides 



= tunnels 



3 - 29, 



This strategy draws not only on Jeffs mathematics knowledge but also on his 
understanding of the pragmatic context in which the problem was assigned: As he states, 
"why would she [ Vicki) mention tunnels" if there was no connection. Micky, in contrast 
did not apply his findings from problem #3 to problem #4 as he was under the impression 
that a novel solution was required, and he was "looking for something like totally 
different." Nevertheless, the boys appear to be in agreement at this point: 

M : Okay so it's basically the same thing but you just /add on the sides/. 

T /Add the sides/. 

M: Fxcept you add it once more without the minus 3. 

The "minus 3" referred to has been an important element in the boys' understanding of 
the number of diagonals in a polygon. At this time Micky points out that the sides which 
are added to the diagonals to determine the total number of tunnels have not been 
diminished by 3. He goes on to suggest 

M: See, but once you think of it, the Z minus 3 seems pretty weird. 

This is the first hint that M's mental model is not J's two-component model but rather the 
figure as a whole. It seems that if M's model of the problem were in terms of diagonals 
plus sides, the two components of J's algebraic expression, (S - 3) * S + 2, and +S. 
might pose no problem. But now the "weirdness" of the minus 3 is introduced, and M 
goes on to suggest a hypothetical solution which maps to his more holistic representation. 

M: Z times Z. 

This is M's attempt to encode his idea that there are connections from one burrow to all the 
other burrows, or 'points'. The glitch here is that at this point neither boy realizes that 'it', 
namely the point of origin, does not connect to itself. Jeff completes the representation and 
Micky asks about the minus 3. 

J: Sides times sides divided by two 

M: You're not-, you’re not getting back that minus three are you? 

J. Ya you are-= 

M: When? 

J: =You're getting it in a twenty-five ’cause it's times twenty-five times twenty-five 
divided by two. 

M: Ya, will you get that three back? 

J: Yes. 

M: When? 

(Genuine inquiry. The question concerning the "3" puzzles Micky, and is asked a total 
of 14 times throughout the exchange. Interestingly, from a rhetorical and affective 
perspective, the question is most appropriate and reflects a genuine inquiry pertaining to an 
important loose end. As such it neither irritates Jeff nor feels repetitive, but rather it drives 
the remainder of their 20 minute discussion which ultimately results in new knowledge. At 
this point the boys carry out the calculation which doesn't give them the desired result. This 
evidence is not lost on Jeff as Micky repeats the question. 

M: =When do we back-, when do we add back that three? 

J. We don't. 

M: Why not? You have to connect every single line with every single line-burrow. = 

J: = No, not in the diagonals. 
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M: Not in diagonals but I'm talking about tunnels, (leafing through his notebook | 

J: Ya 1 know. Why wouldn't you get it back? 

Genuine response. Jeff has gone from "yes you get it back," to "no you don't" and 
now seems to reflect more carefully on the problem with "Why wouldn't you get it back? 
Now it appears that the interest in the question is coming to be shared by both boys. 

M: When are you gonna gel those back? When you're multiplying or something? 

You're not-, you're not gonna gel them back. 

J: (..) Thai's a good point. I second instance of reflecting on this problem| 

J: It does work, but we're not exactly sure when you get the three to connect it back. 

M: /Well if we're not too sure about it, / we can't really say it works. 

Metacognitive awareness. Clearly from this previous exchange we can see how' the 
boys understand the important difference between knowing that it works and knowing why 
it works. At the same time they are able to monitor their own problem-solving in terms of 
those concepts. 

Now the explanation is supported with empirical evidence. 

J: /I know/ but you don't get the three back because we just tried it out. Twenty-, 
twenty-five times twenty-five /divided by two-/ (working it out on the calculator! 

A number of attempts are undertaken to find the "3" all of which prove to be unsuccessful 
leaving the boys in the following frame of mind: 

M: But when are we gonna get that three back? I'm still wondering. If it has to 
connect with every other burrow. 

J: (...) I have no idea. 

M: Well neither do I. = 

J: = ’Cause we proved it works / but we don’t/ know- 

Random hypothesis generation. While the discussion to date has been developed 
upon some agreed upon principles and has followed each individual boy's 
conceptualization, it now veers off into random hypothesis generation: 

J: Maybe we’ve lost one number, then when we divide it we gain it back, or multiply it 
we gain it back? 

M: Well how can we divide it and get it back? 

J: Well we-, we could multiply it and it goes three over what it should be and then you 
divide it by two and it evens out. 

J: We even it out, by-, we multiply it and it's three too much to equal diagonals, okay? 
Stay with me here. 

M: I'm trying to, believe me, I'm trying to. 

Understanding the communicative situation. The "stay with me here" and "believe 
me I’m trying to" clearly signal the boys' shared understanding of the pragmatic context 
surrounding their discussion. In this instance they address their communicative roles 
explicitly as a means of maintaining the focus. This sensitivity to the communicative 
aspects of constructing a joint-problem-space are revealed on another occasion when M 
uses a form of direct address to maintain a focus on the problem. 

M. /But you want to still/ add back that three. You still want that 3 Jeff. 
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Four days later: Re-establishing the focus. The same question opens the 
discussion four days later, but there is a conceptual shift on the pan of Jeff which Micky 
appears to realize. Using drawings in his notebook he demonstrates that it’s not 3, and as 
we see below, Micky replies with "it should be minus one." At this point it is difficult to 
know if this understanding happened in response to Jeffs explanation or had been 
developing elsewhere. (For ease of reading, the following portion of the exchange does 
not include Jeffs speech turns which repeat what he has already stated and overlap 
completely with Micky's turns.) 

M: My only question is where did the three go? Now, that's all I'm wondering about. 
/I understand/ the resL 

J: /Okay/. I have no idea where the three went. It probab-, but-, the thing is (..) why 

do you need the three ?= 

M: Well, but you're- 

J: = 'Cause it's not three: It's not three. From here [points to drawing in book) it's 
three but then you got this point [refers to book drawing) 

M: = I know- 

M: /But that should actually be minus one /- (emphasis added) 

M: ='cause it cannot connect with itself, but in the problem it can connect with the 
others. 

Principled exploration. This is both a new and a key idea for understanding the 
problem. Jeff suggests an exploratory hypothesis which incorporates the new 
understanding into the previous strategy. 

J: I don't know. Try it by subtracting one. 

M: /we'll see/ 

J: /I think you/ wouldn't have-, you could subtract by one and multiply it by sides. 

M: Maybe it'll give us uh something. 

Test and evaluate. They apply this to solving the problem for a pentagon since they 
know the answer is 10. 

J: Oh okay. So now watch. Okay, it's-, uh let's do this one. We know it's ten. Four 
times uh five (picking out values on calculator as he speaks. He then looks directly 
at M and asks] Do you want to do divided by two /or do you want/ to- 

M: 

now. Twenty, /and that/ would be ten. 

J: /Twenty/ Divided by two (looks directly at M) 

M: Equals ten.= 

J: =Equals ten. So you don't need to add on the sides. 

M: [shakes his head) Oh cool. 

J: We just found out a new rule. 

M: Oh here, wait. We have to try it in like three cases. 

J: Ya, we ll cry it in three cases, but let me just write it down. Um, S minus one- 
| writing in his notebook) 

They then set about checking their new rule, (S - 1) * S + 2, in a number of situations. 



/Well ya have to-. / Okay, show it 



an 
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J: Try it, try it all you want. We've just figured out two ways to figure out tunnels. 

Appreciating mathematical elegance. What is striking about the excerpt which 
follows is that it demonstrates that their appreciation of the new rule goes far beyond just 
"having another way to solve the problem." The boys characterize the new rule as 
straightforward and "the simplest way" since it eliminates the addition of the sides, and the 
subtraction of the 'extra 2.'. At the same time they acknowledge the explanatory power of 
this rule which enables them to understand that it is 2 that they get back not 3. Overall they 
both agree that it is better. 

M: But that would be the most straightforward, it’ll /be the simplest/ 

J: /That'll/ be the most 

straightforward because= 

M: =You wouldn't have to do an extra, uh, adding on. 

J: And an extra subtracting. That's /where you/ get the two back. 

M: / ((two extra))/ 

J: It wasn’t three that we were getting back. It was the /two./ 

M: /Two./ So this is actually 

better. 

J: This is better than before. 

The exchange concludes with the boys entering the new rule in their math notebooks. Jeff 
writes " *best way" next to this new entry, and exultantly says, "Perfect," as he Hips his 
pencil onto the table as a concluding gesture. These gestures in conjunction with the boys' 
language convey their satisfaction and delight in their accomplishment and suggest an 
aesthetic appreciation of an elegant solution. 

Conclusion 

The focus in this paper has been on the way in which genuine inquiry within a 
collaborative exchange can serve as a mechanism for conceptual change. In examining the 
exchange between two grade 5 boys collaborating to solve a challenging problem we can 
see how in order to maintain the focus of the discussion, they drew on their shared 
knowledge not only of the task, and of specific mathematical concepts but also of the 
communicative context appropriate for this reasoning activity. The students’ sustained 
search for meaning, their quest for coherence, and their appreciation of an elegant solution 
in terms of parsimony and explanatory power are behaviors often associated with expen 
performance (Patel & Groen, 1991; Graves, 1995). We would like to suggest that the 
source of this performance was the establishment of a meaningful problem which really 
required a solution and which could be approached jointly. It was M’s search for coherence 
as he sought to account for the 'loose end' of the 3, which drove the inquiry and 
established the problem within the context of the task itself. While J knew that his rule 
worked, and he knew why it worked and could explain it, he could not provide a 
satisfactory answer to M's question. The collaborative construction of the problem space 
provided the structure within which M’s repeated quest for coherence was investigated 
jointly through the boys' conversational reasoning and which led to new a 
conceptualization. 
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This paper considers imagery associated with children s mental processing of 
basic number combinations. Children s verbal and written descriptions are 
used as a means of accessing their imagery and we see how the tendency to 
concentrate on different objects leads to qualitative differences in imagery and its 
uses . Children described as ‘ high achievers' provide evidence of an implicit 
appreciation of the information compressed into mathematical symbolism. In 
contrast , 'low achievers' create images strongly associated with visual stimuli 
suggesting that these children , far from encapsulating arithmetical processes, 
are mentally imitating them . 



“I find it easier nol to do ii (simple addition (with my fingers because sometimes I get into a big 
muddle with them (and] I find it much harder to add up because I am nol concentrating on die 
sum. I am concentrating on getting my fingers right... which lakes a while. It can take longer to 
work out the sum than it does to work out the sum in my head." (Emily, age 9) 

Although not explicit in Emily’s comment, the meaning associated with her notion of 
‘concentrate’ was related to the mental manipulation of a collection of dots. She was 
describing the difficulty associated with the simultaneous engagement of external 
referents-fingers-and the mental scan of a different series of referents-dots. The latter 
was preferred but the former was used because: 

"11* wc don’t (use our fingers] the teacher is going to think, ’’why aren't they using their 
fingers... they are just sitting there thinking’... we are meant to be using our lingers be- 
cause it is easier... which it is not" (Emily, age 9) 

There is no doubt that Emily is only one of many children who prefer to do things 
‘mentally’, or as has been described so frequently by children “in my brain”. Many do 
so because they know things and engage in a form of automatic processing. Others have 
to make a conscious effort and do so, not because they realise that such effort, with 
practice, may gradually become automatic, but because of the social environment of the 
class; "We are not allowed to use fingers \ *7 am too old for counters” and perhaps the 
saddest from a boy of 10 who “ wanted to do things like the clever children ’. 

Recognising that others do things mentally does not give such children an insight into 
how things are done by others. This is the focus of this paper. It considers the relation- 
ship between procedures, concepts and images in simple arithmetic. To establish the 
latter it assumes that an image is mediated by a description (Kosslyn, 1980; Py lyshy n, 
1973). It builds upon the notion that the language and concrete items associated with 
objects of thought possess different connotations. These have implications for the qual- 
ity of children’s imagery (Pitta & Gray, submitted) and their processing ability. 



INTRODUCTION 
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The evidence suggests that whilst proceptual thinkers focus on the flexibility of the 
symbolism and hold symbols as “objects of thought”, procedural thinkers may construct 
and utilise mental images which support their procedural interpretations of symbolism. 
If it is appropriate, they quickly translate the symbol into another object of thought, for 
example, finger images, a number track or marbles. It is suggested that mental manipu- 
lation with these objects places such strain on the limits of the child’s working memory 
that it impinge against the continuing compression required for “constructive abstrac- 
tion” (Kamii, 1985) and the development of proceptual thinking. 



The means through which the co-ordination of actions may become mental operations 
was of interest to Piaget who believed that new knowledge is constructed by the learner 
through the use of “active methods” which required that “every new truth to be learned 
be rediscovered or at least reconstructed by the student” (Piaget, 1976, p. 15). Whether 
or not all children who display competence in the procedural aspects of early number 
activities undergo this process of constructive abstraction-which Kamii suggests is a 
construction of the mind rather than something that exists in objects-or indeed whether 
or not they abstract the appropriate thing is a mute point. The abstraction of a basic 
counting unit may form a platform from which children may gradually replace slower 
count-based approaches with more efficient fact retrieval processes. However, such pro- 
cedural compression may not be so easily achieved by low achievers. 

These observations lead us to consider imagery, though, because of the disguised nature 
of mental images it is only possible to make conjectures about them. They may appear to 
be well wrapped possessions, covered in many fine layers and sometimes even hidden 
in discrete packages. We may believe it is possible to shake the package to find out what 
is inside, but by doing this we run the risk of breaking it. The pitfalls, particularly in 
terms of operational definitions and interpretation are clearly identified by Pylyshyn 
(1973). 

In cognitive psychology, it has been traditional to characterise mental representations as 
symbolic: a pattern stored in long term memory which denotes or refers to something 
outside itself (Vera & Simon, 1994). Such a characterisation is based on the assumption 
that the knowledge structures possessed by humans are symbolic representations of the 
world. Images exist, are used and may influence thinking. 

It is suggested, though controversially so, that symbolic mental representations divide 
into analogical and propositional representations-essentially sensory dependent and lan- 
guage like representations. Ihe classical analogical representation is the visual image- 
though images can be formed from other modalities-which appears to have all of the 
attributes of actual objects or icons. They take up some form of mental space in the same 
way that physical objects take up physical space and they can be mentally moved or 
rotated (see Boden, 1988) Propositions, as mental representations, may represent con- 
ceptual objects and relations through, for example, mathematical symbols or spoken 
words. Gray & 'fall (1994) suggest that the symbols of elementary arithmetic serve the 
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ambiguous purpose of representing processes and concepts. 

Deahenne & Cohen, (1994) suggest that the relationship between different forms of 
representations may be seen through the presentation and solution of arithmetic facts. 
Symbolic, verbal and the analogical representations support the transcoding of numbers 
into whatever internal code is required tor the task in hand. It is transcoding approaches 
which require the use of working memory in the absence of external representations that 
we are particularly interested in this paper. Symbolism promotes direct verbal routines 
and flexible transformations by proceptual thinkers. Amongst procedural children, where 
symbolism is more iconic (static) we see the occurrence of analogical forms of imagery 
which we suggest may inhibit the potential for flexible interpretation. 

METHOD 

Twenty four children were selected within in a “typical school ot die English Midlands 
to represent the chronological ages 8+ to 12+. This provided a sample ot six children 
from each year, three ‘low achievers’ and diree ‘high achievers’. Achievement was meas- 
ured levels obtained in the Standard Assessment Tasks of England and Wales ((SCAA, 
1994)) or scores obtained from the Mathematical components of die Richmond Attain- 
ment Tests (1974). Children were interviewed individually for half an hour on at least 
four separate occasions over a period of eight months. 

Following the presentation of range of auditory and visual items (Pitta & Gray, submit- 
ted) the children were presented with a series of one and two digit addition and subtrac- 
tion combinations, for example, 6+3, 9-5, 13+5, 15-9. Children’s responses were 
obtained using semi ‘Structured interviews recorded through field notes, audio and video 
tapes. Children were asked to talk freely about their imagery and what came to mind 
during the solution processes for each item. Solution approaches were classified simi- 
larly to that of Gray & Tall (1994). Whilst external representations were partially identi- 
fied through children’s sensory motor activity, evidence of images relied extensively on 
verbal and written description by the children. Though no precise claims can be made 
about the nature of their imagery it is evident that a pattern does emerge. 

RESULTS 

First and very briefly, because of space limitations, we draw together the general solu- 
tion strategies and associate these with the type of representations used. The 

1. Strategies and Representations: Combinations to Ten 

Figure 1 shows the strategies and associated representations used by the low and high 
achievers to obtain solutions to the number combinations to ten. Hie representations are 
subdivided to illustrate percentages which indicate. 

• the use of external referents such as lungers. 

• where children’s verbal description may be associated with conceptual objects 
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represented by numerical symbols. This notion is loosely tied in with that of 
propositional images. 

• mental imagery associated by anaology with external referents-analogical images. 

• the simultaneous engagement of external referents with an anological representation. 

Several features emerge from 
the analysis of Figure 1 . 

Amongst the high achievers 
there is the almost complete 
absence of procedural meth- 
ods associated with counting 
and there is no evidence of the 
use of external representa- 
tions-verbal enunciation was 
associated with images of nu- 
merical symbols, either the 
expressions themselves or the 
final solutions. 

Amongst low achievers we 
note: 

• the imagery of 1 1 + and 
1 2+ children when solving ad- 
dition combinations is domi- 
nated by symbolism sup- 
ported by analogical represen- 
tations. 

• the absence of symbolic 
representation amongst these 
two year groups when dealing 
with subtraction was associ- 
ated with the fairly extensive use of external referents by the 11+ group. 

• the increasing use of external referents amongst the younger children and, in some 
instances, we note that these are simultaneously engaged with analogical repre- 
sentations. 

At this point, the use of only immediate recall and counting methods amongst the 9+ 
and 1Q+ “low achievers” indicates qualities which would enable them to be identi- 
fied as procedural. The 1 1+ and 12+, since they collectively display the integrated 
mixture of known facts, the use of known facts and some evidence of counting pro- 
cedures may be seen to display proceptual qualities when dealing with addition and 
subtraction combinations to ten. 
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Figure 1 : Strategy combinations and representations used to solve 
addition and subtraction combinations to ten. (Percentages) 
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Strategies and Representations: Combinations to Twenty 

The classifications identified 
for Figure 2 are as those speci- 
fied for Figure 1 . We note im- 
mediately the greater propor- 
tion of derived facts used by 
the high achievers and the 
more extensive use of count- 
ing, particularly with external 
referents, by the low achiever. 

The proceptual thinking of 
the high achievers may be 
identified through enuncia- 
tion that refers to images of 
symbols associated with 
the initial expressions, se- 
mantic transformations of 
the expressions or from the 
solutions. 

Amongst Low achievers 
we see that reference to 
symbolic images is far less evident. The fairly extensive use of derived facts 
amongst the 1 1+ and 1 2+ children is no surprise. Their strategies generally serve 
to support the evidence given from different samples cited in Gray and Tall 
(1994). 

In general, the evidence shows that the high achievers did not use external rep- 
resentations to solve any of the problems. They either recalled solutions or pro- 
vide extensive evidence of semantic elaboration, both approaches being associ- 
ated with “images of arithmetical symbols”. Amongst the low-achievers, only 
the 11+ and 12+ indicate any reference to imagery without the simultaneous 
engagement of external referents. 

Amongst low achievers, we detect a decline in symbolic related imagery and a 
“regression” from internal to external representations that is both age related 
and associated with problem difficulty. On the whole their imagery is associ- 
ated with analogical representations which support counting procedures. We 
suggest this soon forces them to reach the limits of working memory and makes 
life so extremely difficult for them that they recognise the v safety in using 
external referent. Gear et al (1991) have suggested that a component of devel- 
opmental difficulties in mathematics is a working memory deficit. In our next 
section we provide an alternative reason which suggests that on the contrary 
these low achievers may show an extraordinary use of working memory. Their 
problem is one associated with its use as well as its capacity. 
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Figure 2: Strategy combinations and representations used to solve 
addition and subtraction combinations to ten. (Percentages) 
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DISCUSSION 

The verbal reports of the proceptual children provides evidence of the important role 
that symbolism plays: 

• In those instances where we are able to identify known fact responses, these sym- 

bols have skeletal qualities, they carry the ideas and offer the potential for process/ 
concept ambiguity. They require no detail to make them operational. Placed on the 
minds scratch pad they are interpretations of input data or precursors to verbal 
output but they are associated with retrieval of simple facts without regard to quan- 
tities involved. However, our evidence to date does not allow us to contribute to the 
controversy that may surround notions of verbal coding (see Dehaene & Cohen 
1994) ' 

• The different degrees of complexity associated with the use of derived facts, par- 
ticularly with number combinations to 20, provided a variety of examples where 
expressions were decomposed into simpler known facts, for example, 9+8=8+8+ 1 , 
15-9=15-10+1. Perhaps one of the points of interest was the tendency of the 1 1 + 
children to indicate that they “did not see anything” although notions of “thought 
it” were strongly in evidence. This is an issue that we feel needs further clarifica- 
tion. We suggest that nothing was written on the scratch pad and verbal coding 
could have taken place. 

Finding solutions to the expressions through derived facts requires two features not necessar- 
ily apparent when using known facts. The first is the possession of a good understanding of 
the quantities involved in the original problem, forexample noticing that 9 is close to 10, and 
die second involves the use of working memory. However, we suggest that use of the latter is 
minimised because the children almost intuitively recognise cognitive referents associated 
with the inputs-disregarding perceptual properties they focus on the relationships associated 
with the objects of thought-the procept. 

It was this ability to recognise the proceptual characteristics of the expressions and their 
associated symbolism that highlighted the difference between the low achievers and the 
high achievers. The former had proceptual options available to them but we are not in a 
position to indicate whether or not their images at this point were functionally significant. 
The evidence from the low achievers appears to be quite different; no matter what numbers 
they were dealing with, each individual, on failing to recall a fact, generally they evoked a 
procedure which they saw common to all combinations. Usually this involved counting, 
particularly if external referents were used, but this was not always the case when imagery 
was reported. Usually images given by the low achievers appeared to be functionally signifi- 
c;mt-they appeared to have a direct role in the processing procedure. 

Pitta & Gray, indicate how low achievers interpretations of nouns, icons and symbols were 
strongly associated with the perceptive aspects of the stimulus. There appeared to be .a need 
to concretise objects. It appears that such distinctive behaviour also guides these children’s 
approach to basic number processing. In the mental world we may see an almost automatic 
representation of the stimuli as images of countable objects. These may be seen as analogues 
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to, for example, fingers, tally’s, number tracks or marbles, each providing an image of 
the quantity associated with particular numbers. On hearing the expression the children 
appear to disregard the semantic aspects and move immediately to analogical magnitude 
representations and use these as anchors for mental manipulation-numbers quickly be- 
come concrete objects. 

The dominant representations identified amongst the low achievers were associated 
with a range of images from pictorial representations of a hand with fingers, through 
iconic representations of fingers and tally lines. The oldest children indicated how 
they labelled these tally lines and saw images of number tracks or number lines. The 
evidence was that children who developed such images used discrete objects with a 
double counting procedure. Two points emerge. First, the horrendous strain on work- 
ing memory. Not only is the child maintaining sight of the analogical representation 
but also focusing on discrete numbers in that representation. This is associated with 
counting-up one set and counting back another. Indeed, one child described how 
two calculators’, by description circular number tracks, operated in different ways, 
one keeping track of how many had been counted by decrementing in ones, the 
other keeping track of the answer which was incremented in ones. Every calcula- 
tion, with slight modification, was the same-it always involved double counting. 
Indeed this was the case with all of the children who used such images-all involved 
double counting of linearly arranged objects, some labelled some not labelled. Such 
children seldom gave evidence of the use of derived facts. Indeed it is hypothesised 
that seeing images of discrete objects supports the counting process but does not 
lead to the realisation of the power and or compression associated with mathemati- 
cal symbols. Instead of deriving facts and using what they know about numbers, a 
sort of vertical processing, the children display some element of creativity in chang- 
ing their images of countable objects. They use different referents to carry out the 
same procedure, a form of horizontal processing (Pitta & Gray, submitted). 

Such an interrelationship was developed by the few children who used dynamic images 
composed of marbles or dots. Images of pattern formation dominated their mental ma- 
nipulation. Marbles can move position, fingers cannot. Fingers require sequential process- 
ing, marbles do not. 

"| wiih| the di>Us — ii*s — il*s easier because you don’t have to keep on thinking, “No its that 
one I need to move, no its that one or that one”, because it doesn’t ready matter which one 
you move” (Emily, age 9) 

But this was not the only advantage, because each item could move position independ- 
ently of the others. A pattern of may easily become J •• combining readily with to 
make JUS* or two tours ’. In such a way derived facts may be developed and indeed 
this did lead to their use amongst two of the low achievers. 

Amongst some of the younger low achievers the evidence of simultaneous engagement 
of mental imagery and external representation caused confusion until one representation 
dominated over the other. If we do two or more things mentally, for example, count-up, 
count-back and maintain a mental picture we gain some insight into die strains being 
placed on working memory. 
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CONCLUSION 



There are limits to the size of working memory. Whether or not these limits are different 
for those children we identify as high achievers compared to those we see as low achiev- 
ers is not resolved. Their implicit appreciation of the information compressed into nu- 
merical symbolism enables them to focus on the detail appropriate at the moment. How- 
ever, this feature is not unique to their approach in mathematics. In the broader context 
symbols, and the ability to focus on the many relationships asssociated with them, pro- 
vides them with an economical means of utilising the power and space they have avail- 
able. We would not like to give the impression that high achievers did not use and 
manipulate visual images. When dealing with more difficult two digit combinations all 
high achievers considered visual symbolic images in vertical form, even though they 
were given verbally, and made transformations which enabled them to process them 
more easily. Low achievers, giving more attention to different elements, found it even 
more difficult to mentally hold the initial inputs. They appear to place much greater 
reliance on a visual stimulus and create and manipulate images associated with this. 
They have a much greater tendency to talk about things that may be captured by the 
senses and their imagery tends to be strongly associated with real concrete objects. 

Notions of procedural encapsulation and the steady compression of lengthy counting 
procedures into numerical concepts imply that children recognise links between inputs 
and outputs. It would seem that far from encapsulating arithmetical processes some 
children reconstruct these processes mentally. Attempting to match their thoughts to 
given representations may only help them see things enactively, as with marbles, or 
iconically, as with the number line. It is those who realise that representations may be 
used to simplify ideas and are not intended to stand alone who will share in the construc- 
tion of meaning. 
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IDENTIFICATION OF VAN HIELE LEVELS OF REASONING IN 
THREE-DIMENSIONAL GEOMETRY 1 . 

Gregoria Guillen Dpto. de Didactica de la Matem£tica. Universitat 
de Valencia. Valencia (Spain) 

ABSTRACT: An analytical study of the behaviour of third year Teacher 
Training College students when carrying out tasks, designed on the basis of the Van 
Hide model, to solve problems on solids is the foundation of the characterization 
we here propound for the levels /. 2 and 3 in the field of the three-dimensional 
geometry. On detailing our proposals we have also taken into account the 
characteristics already established as a result of research in this field and those of 
Van Hiele levels generally. 

RESUM EN: Un analisis del comportamiento de los estudiantes de 3- de 
M agist erio cuando resuelven actividades sobre sdlidos, disehadas en base al modelo 
de Van Hiele , es la base para las caracterizaciones que proponents para los niveles 
1 , 2 y 3 de Van Hiele en el campo de la geometria tridimensional. Tara la 
elaboraci6n de esta propuesta tambien hemos tenido en client a las caracteri'sticas ya 
especificadas en la investigation realizada para esta area y las caracterfsticas 
genera l es de los niveles. 



The Van Hiele model of reasoning in plane geometry and other areas of 
mathematics has been the subject of considerable and important research the world 
over. It has been demonstrated that the characteristics of different areas (arithmetic, 
algebra, geometry, etc.), reveal marked differences in the kind of reasoning 
students employ. 

As regards 3-dimensional Geometry there has been little research, but since 
the Van Hiele model is based on the experience of its authors as geometry teachers, 
it may well be especially suitable for this area of mathematics. There have been 
several isolated approaches to 3-dimensional Geometry based on the Van Hiele 
model. Some attempt to formulate specific characteristics for Van Hiele levels as 
applied to solid geometry have been made in Hoffer (1981), Lunkenbein (1983a), 
(1983b), (1984), Gutierrez and others (1991), Pegg, Davey (1991), Davey, 
Holliday (1992), Gutierrez (1992). But as Gutierrez (1992) indicates, the 
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